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to decouple Eq. (1). The adjoint of Eq. (4) is
{Z'} = ~[A"{Z} ©)

with the following associated boundary conditions:
af2
{zy'{ry; =0 (10)
—a/2

A formal solution of Eq. (9) is given by
e~ 0

{zy=1c] c m A

0 e %1

where [C] denotes the matrix of eigenvectors of —[A]”.

Substitution of Eq. (11) into the corresponding boundary condi-
tions of the adjoint problem at the edges x; = £a/2 results in a
homogeneous algebraic equation of the form

[(El{n}=0 (12)

We have to solve for the eigenvector {r} corresponding to each
frequency .

Making use of the following biorthogonality conditions of the
natural modes with respect to the eigenfunctions {Y,,} and {Z,},

af2
- {Zn}T[M]{Ym}dxl = Mpdmn (13)
—af2
a/2
{Z,} (Y} — [K{Yu)) dxy = 0, My S (14
-af2

and substituting Eq. (2) into Eq. (1), performing left multiplication
by the adjoint eigenfunction { Z,, }”, and integrating over the domain,
we obtain

aj2
To(t) + 2T (1) = Mi {ZaY {rm}dx, . (15)

m J—af2

For zero initial conditions, the state vector {y} will be expressed as

1 t
m(x, D} = M—{Ym(xx)}/ hn(t — 1)
m 0

af2

X {Zn} {rm(§, 7)) dE do (16)
—af2

where k,, (¢t — ) is the impulse response function.

Numerical Results and Discussion

The numerical applications are carried out for cross-ply spheri-
cal shells whose geometrical and material properties are the same
for all layers. The transverse deflection presented in the figures
is evaluated at (x, x,,¢) = (0,b/2,). Zero initial conditions
are assumed. The variations of center deflection with time for an-
tisymmetric cross-ply (0/90) and symmetric cross-ply (0/90/0)
laminated spherical caps are shown in Figs. 1 and 2, respec-
tively, for various boundary conditions. It is interesting to note
that for SSSS, SSCS, and SSCC boundary conditions the ampli-
tudes are smaller for symmetric cross-ply than for antisymmet-
ric cross-ply laminates, whereas for SSFF, SSFS, and SSFC the
amplitudes are higher. Moreover, the first-order (FSDT) and the
third-order (HSDT) theories predict almost the same response,

EovYre == ERFTImy TR

whereas the classical theory (CST) differs both in amplitude and
phase.

Reference

1Reddy, J.N., and Liu, C. F., “A Higher Order Shear Deformation Theory
of Laminated Elastic Shells,” International Journal of Engineering Science,
Vol. 23, 1985, pp. 319-330.

Vibration of Clamped Right
Triangular Thin Plates:
Accurate Simplified Solutions

H. T. Saliba*
Lakehead University,
Thunder Bay, Ontario P7B 5E1, Canada

Nomenclature

= plate dimension in x direction

= plate dimension in y direction

= flexural rigidity of plate, EA3/12(1 — v?)

= Young’s modulus of plate material

= plate thickness

= number of terms used in solution

= upper limit for first summations of solutions

= plate lateral displacement divided by side length @

= distance along plate y axis divided by side length b, y/b
= eigenvalue, wa’/p/D

= Poisson’s ratio of plate material

distance along plate x axis divided by side length a, x/a
mass of plate per unit area

plate aspect ratio, b/a

= circular frequency of plate vibration

1}

I. Imtroduction

SE of the superposition techniques in the free-vibration anal-

yses of thin plates, as they were first introduced by Gorman,!
has provided simple and effective solutions to a vast number of
rectangular plate problems. The method has also been extended
to nonrectangular plates such as triangular and trapezoidal plates.
However, serious difficulties were encountered in some of these
analyses. These difficulties were discussed and obviated in Ref. 2.
This reference, however, dealt only with simple support conditions,
leading to a simple, highly accurate, and very economical solution
to the free-vibration problem of simply supported right angle trian-
gular plates.

The purpose of this Note is to show that the modified superposi-
tion method of Ref. 2 is also applicable to clamped-edge conditions.
This is accomplished through the application of this method to the
title problem.

II. Mathematical Procedure

The solution is similar in every aspect to that of the simply sup-
ported right angle triangular plate of Ref. 2. It is based on the prin-
ciples of superposition. In this method, a number of appropriate
building blocks, for which Lévy-type solutions are readily available
or easily obtainable, are superimposed. The contributions of these
building blocks to the various boundary conditions of the original
plate are formulated. Finally, the coefficients appearing in these for-
mulations are adjusted to satisfy the prescribed edge conditions of
the plate under study. Depending on its aspect ratio, the right angle
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Fig. 1 Building blocks used in the solution of fully clamped right tri-
angular plates. .

triangular plate with clamped-edge conditions is analyzed by super-
imposing either four or all six of the building blocks of Fig. 1. This
is discussed in more detail in the following sections.

III. Building Blocks

The building blocks used here are the Lévy-type solutions of
plates a—f of Fig. 1. Extended edges in this figure indicate sim-
ple support conditions. Straight arrows, or straight arrows with a
dashed arc, indicate zero moment and a forced harmonic edge dis-
placement. Curved arrows, on the other hand, indicate zero displace-
ment and a forced harmonic moment. The first plate of Fig. 1, or
plate a, has three of its edges simply supported. The fourth edge,
& = 1, has zero moment and a forced edge displacement given
by ‘

Jim W1, n) = >~ Eipsin(mn)

m=1,2,...

In view of these boundary conditions, the Lévy-type solution for
this plate is
k*
Wl (S ’ 77) =
m=12,...

E1nmB11m[sinh(B,§)
+ 01 8in (&)1 sin (mmm)

+ Y Einbpulsinh (Bn) + o sinh (yn)]sin (mrn)
m=k*+1

where the first summation pertains to values of ¢*A% > (mm)?,
and where B, = (1/¢)/¢?A*+ (mm)?> and y, = (1/¢)
VA2 — (mm)? or (1/¢)+/(mm)? — $2A2, whichever is real, and
where

[B2 = v(1/¢)*(mm)?] sinh B,

[v2 +v(1/$)2(mm)?]sinym

Table 1 Comparison of the first six mode eigenvalues,
A2 = wa?,/ p/D, with existing published data

bj/a
Mode Source 1 2 3
1 Present 93,790 53.444 42,756
Ref. 3 93.86 53.45 42.76
Ref. 4 93,789 53.447 42.756
2 Present 157.79 82.425 60.993
Ref. 3 157.7 82.42 60.99
Ref. 4 157.79 82.431 61.000
3 Present 194.76 113.51 80.660
Ref. 3 194.8 113.5 80.66
Ref. 4 194.77 113.51 80.809
4 Present 242.80 121.85 99.696
Ref. 3 242.8 121.9 99.68
Ref. 4 242.80 121.92 99.908
5 Present 277.68 151.56 103.13
Ref. 3 — — —
Ref. 4 277.67 152.09 104.12
6 Present 335.65 167.98 132.47
Ref. 3 —_ —_— —_
Ref. 4 335.77 168.68 129.69

Table 2 First four mode eigenvalues, \ = wa®./p/D, for fully
clamped right triangular plates with aspect ratios, b /a, as shown

Mode

b/a 1 2 3 4

1.25 76.089 126.47 159.34 191.98
1.50 65.460 106.21 139.08 158.00
175 58.431 92.381 12525 135.64
225 49.747 75.008 102.72 113.49
2.50 46.885 69.263 93.768 107.97
2.75 44,610 64.701 86.549 103.57

[B2 = v(1/¢)2(mm)?] sinh B,

Oom = —
" [z - v(1/#)2(mm)*] sinh v,
P 1
1" = (sinh B + Bim Sin y)
1
020m

- (sinh B,, + 6, sinh y,,)

The second plate, or plate b, has three simply supported edges.
Its fourth edge, £ = 1, has zero displacement and a forced edge
harmonic moment given by

M,a? L
lim ; = Z E,, sin (mxn)

k»oc0 b

m=1,2,...

Its Lévy-type solution is

k*
Wi = Y Exnbuin(Sinh Bk + 0y sin ymé]sinGmn)

m=1,2,...

oo
+ Y EsnBn(sinh Bug + Oon sinh ynf) sin(mrn)

m=k*+1
where B8, and y,, are as defined earlier and where
sinh 8, 1
91m=——7——!—3~, Otim = — - -
$1N Y (,B,%, sinh B, — By, ¥,2 sin y,,,)
sinh 8, 1

922m = - - N
(,331 sinh B, + 02,y sinh y,,,)

2m ~—

sinhy,’
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Fig.2 First four contour plots and mode shapes for a plate with aspect
ratio b/a = 1.0,

Symbols are as defined in the Nomenclature. It is easily seen here
that the solutions for plates c, d, and f are obtained from that of plate
b through simple transformation of the axes. Similarly, the solution
of plate e is inferred from that of plate a.

IV. Superposition of the Building Blocks

Now that the solutions of plates a—f of Fig. 1 are in place, their
contributions to the clamped boundary conditions of the right tri-
angular plate of interest are formulated. The procedure is similar
to that of Ref. 2. The results are computer coded and stored in
subroutines that are called as required. Consequently, these for-
mulations need never be repeated. The reader is reminded here
that conditions along the hypotenuse, diagonal of the full rectan-
gular plate, are controlled by the forcing functions prescribed along
edge 2,& = 1, or edge 3,n = 0, of the rectangular plate. Con-
sequently, it was stressed in Ref. 2 that, to achieve the required
convergence, the prescribed harmonic lateral displacement and the
prescribed harmonic moment must act along the longest of these
two edges. This proved to be adequate when dealing with sim-
ple support conditions. Although necessary, this condition proved
not to be sufficient in the case of clamped-edge conditions, when
the plate aspect ratio is close to unity. It quickly became appar-
ent that, in this case, the contribution of the prescribed functions
along edge 2,& = 1, and along edge 3,7 = 0, to conditions
along the diagonal (hypotenuse) are of the same order of magni-
tude. Consequently, two additional building blocks are used in the
solution of these plates, i.e., plates with aspect ratios between 0.5
and 2.0.

A. Plates with Aspect Ratios Between 0.5 and 2.0

For these plates, all six building blocks of Fig. 1 are used in
the solution. These building blocks are superimposed on top of
each other. It is seen here that the zero displacement conditions
along the two edges, £ = 0 and n = 1, are readily satisfied.
Satisfying the remaining four conditions, i.e., zero slope along
all three edges and zero displacement along the third edge (hy-
potenuse), leads to a set of 6k linear algebraic equations. Writ-
ten in matrix form, and requiring the determinant of the coef-
ficient matrix to vanish, these equations lead to the frequency
equation.

B. Plates with Aspect Ratios Less Than 0.5 or Greater Than 2.0

For these plates, only four building blocks are required for
the solution. For plates with aspect ratios b/a > 2.0, the first
four building blocks of Fig. 1 are used. For plates with aspect
ratios b/a < 0.5, the last four building blocks of Fig. 1 are
used. Satisfaction of the boundary conditions here leads to a set
of 4k homogeneous algebraic equations resulting in a coefficient
matrix of 4k x 4k as oppose to 6k x 6k in the previous case.
An attempt to use six building blocks here leads to numerical
instabilities.

V. Numerical Results and Concluding Remarks

Numerical analyses confirmed that six building blocks are nec-
essary for the analysis of clamped plates with aspect ratios ¢ such
that 0.5 < ¢ < 2.0. However, only four building blocks must be
used for clamped plates with aspect ratios ¢ such that ¢ < 0.5
or ¢ > 2.0. Furthermore, to generalize this technique, the solu-
tion of simply supported plates of Ref. 2 was re-examined. It was
reconfirmed that, in this case, only two building blocks were nec-
essary for the generation of eigenvalues, regardless of the aspect
ratio of the plate. However, although not necessary, it was found
that the use of four building blocks, in the solution of simply sup-
ported right triangular plates with aspect ratios between 0.5 and
2.0, led to smoother shapes. It is for this reason that the author rec-
ommends the use of building blocks a, b, e, and f of Fig. 1 in the
solution of simply supported right triangular plates with aspect ra-
tios between 0.5 and 2.0 exclusively. For plates with aspect ratios
b/a > 2, building blocks a and b are to be used. For plates with
aspectratios b/a < 0.5, building blocks e and f have to be used. Nu-
merical analyses proved that this practice leads to greater numerical
stability.

In Table 1, numerical results obtained using the modified super-
position techniques discussed in this paper are compared with those
of Gorman® as well as those of Kim and Dickinson.* Although all
three sets of results are in general agreement, the superiority of the
present technique is in its simplicity and its adaptability to the so-
lution of other, more complicated shapes and boundary conditions.
The method, although analytical in nature, lends itself very well to
simple computational techniques for the generation of eigenvalues
and mode shape data.

In brief, the solution technique presented in this paper represents
a noticeable improvement over existing methods. It is a significant
advance in the superposition method. It leads to a highly accurate
simplified solution to the title problem. It has all of the advantages
of the superposition solution presented by Gorman.? At the same
time, it eliminates all of the disadvantages of Gorman’s solution as
were discussed by him in this reference. False eigenvalues referred
to by Gorman as “rejection modes” are virtually eliminated by the
present method of solution.

The first four eigenvalues for a wide range of plate aspect ratios
are given in Table 2. Because of space limitation, mode shapes
are limited to a plate of aspect ratio 1 as shown in Fig. 2. This
solution has been computer coded and is available from the author
on request.
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